Abstract. We analyze on a simple classical billiard system the onset of chaotical behaviour in different dynamical regimes. A classical version of the nuclear billiard with a 2D deep Woods-Saxon potential is used. We take into account the coupling between the single particle and the collective degrees of freedom in the presence of dissipation for several vibrational multipolarities. It is shown that the maximum divergence of the trajectories is achieved in the resonance regime. A peculiar case of intermittency is reached in the vicinity of the resonance, when the beats phenomenon occurs. We examine the order-to-chaos transition by performing several types of analysis including sensitive dependence on the initial conditions, single-particle phase-space maps, fractal dimensions of Poincare maps and autocorrelation functions. 
Introduction
Deterministic chaos, is usually defined as irregular, unpredictable behaviour of the trajectories generated by nonlinear systems whose dynamical laws, involving no randomness or probabilities, predict a unique time evolution of a given system. Over the last two decades an increasing number of papers have treated the study of the deterministic chaotical behaviour of Fermi nuclear systems [1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 22, 23, 24, 25, 26, 27] . The interest for analyzing the order-to-chaos transitions on such systems was linked to the problem of the onset of dissipation of collective systems through mainly one-body and two-body processes. Among these we mention the interaction of the nucleons with the potential well, the evaporation of individual nucleons in nuclear peripheral interactions, and the collisions between nucleons without taking into account the Pauli blocking effect.
These kinds of analyses were performed for the first time by Burgio, Baldo et al. [1, 2, 3] considering a system of nucleons which move within a container modelled as a Woods-Saxon type potential and kick the container walls with a specific frequency. They discuss the damping of the movement and the relation with order-chaos transition in single-particle dynamics.
On this classical model worked Papachristou et al. [28] , studying the decay width of the Isoscalar Giant Monopole Resonance for various spherical nuclei. Also, Felea, Bordeianu and collab. [29, 30, 31, 32, 33] , showed the beginning of the chaotic behaviour for a number of nucleons in various dynamical regions at several multipolarities.
In this paper, we investigated the chaotic behaviour of a single nucleon in a two-dimensional deep Woods-Saxon potential well for specific physical phases. A qualitative picture of the achievement of soft deterministic chaos was shown for a comparative study between the adiabatic and the resonance stage of the nuclear interaction.
Close to resonance we obtained characteristics of the intermittency regime, i.e. sudden change to a laminar behaviour (so-called intermission) of a specific signal between two turbulent phases, which has been detected over and over again in several experimental fields. It should be mentioned that the three types of intermittency described in [34] were found through a plethora of experiments regarding the Rayleigh-Benard convection, the driven nonlinear semiconductor oscillator, the Belousov-Zhabotinskii chemical reaction, and the Josephson junctions (for e.g., [35, 36, 37, 38, 39, 40, 41, 42, 43, 44] ). The studies of Mârza regarding the precursor seismic activity of the March 4, 1977 Vrancea (Romania) earthquake revealed also an intermittent pattern [45] .
Basic Formalism
We chose for the present analysis a simple dynamical system as considered in several previous papers by Burgio and collab. [1, 2, 3] . This system contains a number of A spin-less and chargeless nucleons, with no internal structure. The nucleons move in a 2D deep Woods-Saxon potential well considered as a "nuclear billiard" and hit periodically the oscillating surface of the well with a certain frequency. The Bohr Hamiltonian of such a system in polar coordinates is considered as:
where p rj , p θj , p α are the conjugate momenta of the particle and collective coordinates {r j , θ j , α}, the nucleon mass m is 938 MeV, Ω is the oscillating frequency of the collective variable α, and M = mAR 2 0 is the Inglis mass. The Woods-Saxon potential is zero inside the billiard and a very steeply rising function on the surface:
with V 0 = −1500 MeV, deep enough to avoid the escape of the nucleons regarded as classical objects for the present analysis. For the same reason, the diffusivity coefficient a has a very small value 0.01 fm. The vibrating surface can be written as in [1, 2, 3] , depending on the collective variable and Legendre polynomials P L (cos θ j ):
where R 0 = 6 fm, and L the multipolarity vibration degree of the potential well is 0 for the monopole, 1 for the dipole, 2 for the quadrupole, and 3 for the octupole case.
Once the hamiltonian is chosen, the numerical simulations are based on the solution of the Hamilton equations:
The Hamilton equations were solved with a RungeKutta type algorithm (order 2-3) having an optimized step size and taking into account that the absolute error for each variable is less than 10 −6 . Total energy was verified to be conserved with high accuracy to a level of 10 −8 . The equilibrium deformation parameter − α which is the mean collective variable, can be calculated by equating the mechanical pressure of the wall, P wall :
The pressure exerted by the particles is P part. , ρ denotes the particle density, and T is the apparent temperature of the system that equals the 2D kinetic energy, using the natural system of units (h = c = k B = 1):
Thus one gets the equation for − α, the equilibrium value of the collective particle in two dimensions:
Then a small perturbation of this collective variable was considered α (t = 0 fm/c) = − α +0.15 [1, 2, 3] and the evolution of the physical system was thoroughly investigated.
The Qualitative Analysis of the Route to Chaos
One can choose the wall oscillation taking place close to adiabatic conditions, imposing a wall frequency smaller than the single-particle one. Thus, the frequency of vibration Ω ad was chosen less than 0.05 c/fm, which corresponds to an oscillation period equal to:
By introducing the maximum particle speed:
and the parameters as in [1, 2, 3] : R 0 = 6 fm and T = 36 MeV, one can obtain the value for the single-particle period:
In addition to [1, 2, 3] we introduced a physical constraint to this elementary physical system and continued that type of analysis necessary for the study of a nonintegrable dynamical system. At the beginning we considered a physical situation and we chose instead a static vibrating "nuclear billiard", a projectile nucleus having the same properties, colliding with a target nucleus. It is well-known that the nuclear interaction, at incident energies ranging from MeV to GeV, can result in a multitude of processes from the nuclear evaporation to complete fragmentation or multifragmentation, according to the impact parameter.
It was shown in [46, 47] that during this kind of processes even for peripheral events an unnegligeable amount of energy is transferred by nucleon-nucleon scattering to the nucleons of the projectile and not only the transverse momentum distributions, but also the longitudinal momentum distributions as measured in the projectile fragmentation rest frame can reveal the centrality status of the interaction. It can also offer a hint on the apparent temperature of a Fermi gas of nucleons which was found to be [47] near the isotopic temperatures, i.e. several MeV [48, 49, 50, 51] .
It was therefore supposed that the target fragmentation can be associated with a resonant process. In order to obtain such behaviour, the wall frequency was gradually increased to the resonant frequency Ω res = 0.145 c/fm. However, nuclear evaporation or plain breakup of a projectile nucleus can take place long before this regime is achieved by redistributing energy between the nucleons themselves and also between single-particle degrees of freedom and collective ones. Individual nucleons or clusters can thus have enough kinetic energy to escalade the wall barrier.
We should also emphasize that we can either have the case that can be put in correspondence with a nuclear collision process, i.e. the variation of the nucleonic frequency oscillation as the apparent temperature of the nucleons in the nuclei increases (Eqs. 11 and 12), maintaining the potential well vibration constant, or respectively, the inverse situation in which the period between two consecutive collisions of the nucleon with the self-consistent mean field is kept invariable, while modifying the oscillation modes of the nuclear surface. The latter regards our studied case and is the reversed physical case previously described. It was used because of the specific choice of the "toy model" parameters described in [1, 2, 3] .
But the most realistic evolution of the nucleons in a chosen potential can assume a simultaneous variation of both angular frequencies. The resonance condition of the coupled classical oscillators should remain however an important condition for a rapid appearance of a deterministic chaotical behaviour of the physical system in study at different time scales. A proper analysis of a system should provide the variation of the collision radian frequency of the nucleons inside the "billiard" as the apparent temperature increases and the change in the vibrating potential period supposing that the multipolarity increases when pumping energy in the "nuclear reservoir" during interaction. We can for example use in simulations, for nuclei with a large number of nucleons, the Liquid Drop Model or the Collective Model, which predict a frequency of vibration as function of the multipolarity deformation degree:
with C L being the elasticity coefficient and B L the mass coefficient for the oscillator of L multipolarity.
One can notice that the beats phenomenon shows up as the wall frequency is raised towards the single-particle frequency (Fig. 1) . Also, the pattern of the time evolution of the collective variable α indicates a certain degree of symmetry and a quasi-periodic behaviour with an increasing period from adiabatic to resonance conditions. In order to detect chaos in simple systems several methods are usually used [52] . The sensitive dependence on the initial conditions, the so-called "Butterfly effect" is the first type of analysis presented in this article. For a given multipolarity degree we studied the time dependence of both, single and collective variables, with small perturbations applied to a single parameter (for e.g., ∆r = 0.01 fm). This type of analysis is presented for four cases, ranging from uncoupled equations to quadrupole deformations of the two-dimensional wall surface, and for the two physical regimes in study, adiabatic and of resonance, respectively (Figs. [2] [3] [4] [5] .
At a first glance, the time dependence of the collective degrees of freedom "looks chaotic" for all considered situations with the exception of (4 + 2) uncoupled nonlinear differential equations case (Fig. 2) , as one would naturally expect. In this case, a periodic structure would definitely appear in sharp contrast with the quasi-periodicity shown for different multipole collective modes. Also, the time evolution of the single-particle variables is clearly chaotic in all cases where the strong coupling between the (4 + 2) nonlinear differential equations describing the single-particle dynamics appears (Figs. [3] [4] [5] .
The sensitive dependence on the initial conditions, i.e. the decoupling of the trajectories at macroscopic scale, is found to give the first hints on the behaviour of the nuclear system, in its evolution from the quasi-stable states, which can hardly develop a chaotic motion in time (adiabatic state), to the unstable ones, characterized by a rapid divergence of the particle trajectories in the phase-space (resonance regime). Also, in the monopole case the orderto-chaos transition clearly shows an intermittent pattern at Ω = 0.1 c/fm (Fig. 3) .
Another type of qualitative analysis, indicating different ways toward a chaotic behaviour is based on the onedimensional maps of phase space. Thus, for a temporal scale of 1600 fm/c we represented the evolution of the multipolarity deformation degree of the potential well in the phase space of the vibrational variables (α ↔ p α ), as well as in the 1D phase space of a single-particle (r ↔ p r ). This type of analysis was performed for the uncoupled, monopole, dipole and quadrupole cases, using the same physical conditions, from the adiabatic to the resonant phase (Figs. 6-13) .
A remark that can be formulated from the study of these phase space maps is related to the form of the trajectories specific to those described by a harmonic oscillator, especially for the (α ↔ p α ) maps. It can be easily put to the test (Figs. 6,8,10 , and 12) that the ellipse area S ho is proportionally inverse with the wall vibration frequency:
where E coll is the sum of the last two terms from (1), being the energy of the collective nucleonic motion.
The phase space filling degree raises as the vibration wall frequency moves towards the resonance value for all multipolarities took into account (Figs. 8-13 ), excepting the uncoupled nonlinear differential equations case (Figs.  6 and 7) . This confirms that the characteristic time of the macroscopic decoupling of the nucleon trajectories in the Woods-Saxon potential evolves towards smaller values, once Ω is increased and also that the coupling between the collective variable motion and the particle dynamics is essential in amplifying the chaotic behaviour. An intriguing aspect is revealed by the comparison of the filling degrees of the phase space as a function of the nucleon oscillation frequency in the chosen potential. One would expect that the trajectories degenerate from a simple orbit towards a compact filling of the (α ↔ p α ) or (r ↔ p r ) plane. Moreover, we observe several attraction basins around a few standard orbits, pre-eminently in the monopole case, in the intermittency domain: 0.05 − 0.1 c/fm (Figs. 8 and 9 ).
The previous observation becomes important when relating May's logistic equation [53] Fig. 13 . The phase space of the single-particle degrees of freedom (r − pr) for different wall frequencies (L = 2).
This equation, described by a damping constant Γ and a kicking T -periodic force F of K amplitude, can be put in correspondence with a two-dimensional discrete map:
and associated in the strong damping limit (Γ → ∞) with the one-dimensional logistic map, having r as an external parameter:
if the following relations are fulfilled [52] :
We can now easily replace the pkdr equation with the harmonic oscillator system of differential equations in the presence of dissipative processes ("damped oscillator") and of a external harmonic driving force -specific to the "nuclear billiard" (Eqs. [4] [5] [6] and use the fact that the logistic map shows up a type-I intermittency pattern [34, 52] .
The one-dimensional phase space maps offer a hint on their filling degree in time. In the same manner one can use the Poincare maps for the "nuclear billiard" regarded as a deterministic dynamical system. When analyzing at the end of the XIX th century the behaviour of close trajectories in the phase space, starting from a periodic orbit, Poincare showed in his study on the "restricted plane three-body problem" [60, 61] that there are only three distinct possibilities: the curve can be either a closed one (with a fix distance to a periodic orbit), or it can be a spiral that asymptotically wraps/unfolds to/from the periodic trajectory.
In order to simplify the temporal analysis for peculiar orbits, Poincare suggested a simple and effective method. By choosing a transversal section with (N − 1) D that intersects a N D geometrical variety, the sequence of the intersection points is easier to be studied than the whole N D curve. Therefore, the cases previously described for the spiral generate a series of points that draw near in or move away from the intersection point of the periodic orbit with the transversal section.
Applying the Poincare maps type analysis to the simple chosen physical system, one would expect that the compact filling up of a 1D map of phase space for vibration frequencies of the Woods-Saxon well that match the one-particle oscillation frequencies inside the "billiard" (Figs. 8-13) , to reverberate by a large density of chaotic distributed intersection points.
Here we present a quantitative measure, i.e. the fractal dimensions d f of the Poincare maps with one-nucleon radial degrees of freedom (r ↔ p r ) when choosing for the transversal section the polar pair (θ ↔ p θ ) as a constant. As only for the monopole and uncoupled cases the orbital kinetic momentum is a constant of motion, we plotted the one-particle radius as a function of radial momentum when the polar coordinate is not kept constant, but quasiconstant in order to increase the probability of intersecting the section for a given time evolution of the system:
We then chose a very small value for the (θ ↔ p θ ) thickness: ǫ θ = 10 −4 radians and let the system evolve for a period of ∆t = 2 · 10 6 fm/c. The values were calculated using the box counting algorithm in a specific Visual Basic 6 application [62] on Poincare maps with 512 × 512 pixels. The fractal dimension of a map covered by N squares of length r is described by the following expression (see for e.g., [63] ): 
where we took: r = 1/2 n , 0 ≤ n ≤ n max . The maximum value (n max = 9) was chosen according with the highest resolution.
We calculated in the first place d f as slopes of the linear fits of the first six points of log N (r) 2 versus n = log 1/r 2 , where we took the inferior limit of r to be 1 pixel (Fig. 14) .
The points from the Poincare maps are distributed in such a way that up to a certain resolution (32 × 32 pixels) the algorithm does not take into account the individual pixels. In this first region analyzed the alignment is quite good, denoting a correlation between points. The information is not uniformly distributed in the phase space but represents a "cloud" of points designating a figure with d f close to 1. The first region thus offers a global image of the Poincare maps. Above 32 × 32 resolution appear the effects linked with the contribution of the individual points, reflected by significant variations of the fractal dimensions. More relevant comes out to be the fractal dimension calculated directly with (21) at the minimum r, from the 512 × 512 pixel maps ( Table 1 ). The d f thus computed represents the filling degree of the phase space and can be correlated with the Shannon and Kolmogorov-Sinai entropies [52, 64, 65, 66, 67, 68, 69] .
It can be remarked from both, the figure and the table, that the fractal dimensions increase with the specific vibration frequencies from the quasi-stationary equilibrium regime to the extremely unstable states of the nucleonic system.
The transition toward a quasi-periodic, aperiodic or chaotic behaviour can be also analyzed with the autocorrelation function of the variables characteristic for the temporal evolution of the studied physical system. When the "nuclear billiard" evolves to chaos, essential changes can be noticed in the shape of the autocorrelation function of a specific variable (continuous or discrete distributed). This type of function measures the correlation between a sequence of signals, and is usually defined as:
For a laminar regular regime this function either has a constant value or presents decreasing oscillations in time. During a chaotic phase, it falls in, having an exponentially decreasing behaviour for uncorrelated signals, as shown in [70] .
We represented the autocorrelation function for the study of the single-particle (Fig. 15) and collective dynamics (Fig. 16) . The analysis was thus done autocorrelating the radial momentum p r of the particle and respectively the collective variable α for the uncoupled case and for all multipolarities, from all stages of interaction taken into account. One conclusion, that can be easily drawn from these figures, confirmed the previous results obtained with the other two methods. Thus, it can be noticed the increasing of the chaotic bearing once the oscillation frequency 
Autocorrelation function for p r Fig. 15 . The autocorrelation function which correlates the radial momentum of a single-particle in time for various stages of nuclear interactions (from adiabatic to resonance regimes) and for several nuclear multipole deformations. of the potential well is varied from the adiabatic to the resonance regime, for all degrees of multipole. When studying the case with single-particle degrees of freedom uncoupled from the collective ones, the dominant behaviour is aperiodic oscillation in time characteristic for a steady adiabatic phase of the interaction, even though the vibration frequency is varied. Only at resonance the shape is somewhat changed, indicating a greater degree of chaos.
As for the monopole to octupole deformations the decreasing of the autocorrelation function is indeed of the exponential type, steeper as the radian frequency of oscillation is raised to Ω res = 0.145 c/fm.
The exception is again found in the monopole case at Ω = 0.1 c/fm frequency of oscillation -specific to the beats phenomenon, when the intermittent phase of the interaction, reflected by aperiodic oscillations, points out a steady behaviour prior to the resonance regime.
Conclusions
A comparative study was done between the interesting physical regimes of nuclear interaction: adiabatic and resonance, giving at this level only a qualitative picture of the possible scenarios towards a pure deterministic behaviour of chaotic type of the studied nucleonic systems.
It was studied the uni-particle dynamics in a WoodsSaxon potential. The coupling between individual and collective degrees of freedom was shown to generate different paths to chaos taking into account that the "nuclear" billiard could pass through different physical regimes from adiabatic to resonance. At the resonant frequency of oscillation the onset of chaotical behaviour was found to be earlier than at any other adiabatic vibrations of the 2D potential well.
We investigated the chaotic behaviour of a single nucleon in a two-dimensional deep Woods-Saxon potential well for specific phases of the nuclear interaction. By comparing the order-to-chaos transition for these cases of interest, from adiabatic to resonance regime, it was shown that the couplings between the one-particle dynamics and high multipole vibrational modes would significantly decrease the onset of the chaotic nucleonic motion towards realistic nuclear interaction time scale.
Also, a phase alternation of periodic and chaotic dynamics was found in the monopole case of nuclear wall oscillation at Ω = 0.1 c/fm, revealing a laminar dynamics prior to the resonance phase of interaction. Further studies along these issues are currently in progress, revealing that the intermittency behaviour is common to all considered vibrational modes in the 0.05 − 0.145 c/fm domain and even beyond the resonance value.
The used "toy model" can be improved by adding spin, charge and internal structure to the nucleons. A semiquantal treatment of this problem, including Pauli blocking effect, is hoped to shed more light on the discussed issue in the near future.
